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Abstract
In this paper, a novel analytical model for predicting the post-crushing compressive response of pro-
gressively crushable sandwich foam cores is presented. The calibration of the model is performed using
experimental measurements obtained exclusively from standard monotonic compressive tests. There-
fore, the need for performing time-consuming compressive tests including multiple unloading-reloading
cycles is avoided. Model predictions have been validated against experimental measurements available
for three different foam materials. The model is shown to accurately predict the thickness of the
crushed material layer during progressive crushing and the residual after-crushing strain (with a max-
imum error of 12.1%). The proposed model is capable of predicting the residual after-crushing strain
with a significantly smaller error (error-reduction over 56%) than existing models, whose calibrations
require the same experimental measurements as the present model. The results presented in this work
demonstrate the relevance of the proposed model for a damage-tolerant design of foam-cored composite
sandwich structures.
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1. Introduction1
1.1. Motivation2
Composite sandwich structures consist of two composite facesheets separated by a low-density3
core designed to sustain the transverse shear and through-the-thickness loads; nowadays, composite4
sandwich structures are extensively used for lightweight applications in various sectors, including the5
aeronautical [1, 2], naval [3] and transport industries [4, 5].6
Nevertheless, numerous studies demonstrate that, owing to the low bending stiffness of the facesheets,7
sandwich structures are highly susceptible to localized through-the-thickness loads such as those occur-8
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ring during low-velocity impact [6–9]. In foam-cored sandwich structures, the local damage caused by1
a low-velocity impact event consists of a region of crushed core accompanied by a residual dent in the2
impacted facesheet [10, 11]. This residual dent results from the combination of the residual local stress3
field underneath the load introduction point and the extent of damage in both the impacted facesheet4
and the crushed core. Moreover, the residual dent represents a possible source of further damage-5
growth upon subsequent reloading, and it is shown to severely reduce the residual local stiffness and6
strength of the sandwich structure [12–15].7
Therefore, for damage-tolerant design of foam-cored composite sandwich structures, it is of paramount8
importance to accurately predict (i) the residual after-crushing strain in the foam core, as it contributes9
to the final depth of the residual after-impact dent and (ii) the post-crushing compressive behaviour10
of the foam core, as it contributes to the residual local stiffness and strength of the impacted sandwich11
structure.12
1.2. Models for the post-crushing compressive response of foam materials13
The typical approaches for modelling the post-crushing compressive response of foam materials14
can be gathered into three categories, in decreasing order of accuracy: (i) phenomenological models,15
(ii) models assuming a linear behaviour governed by a degraded elastic modulus for the elastic regime16
of the post-crushing response, and (iii) models assuming a linear behaviour governed by the elastic17
modulus of the undamaged foam material for the elastic regime of the post-crushing response:18
(i) Numerous phenomenological models describing the compressive behaviour of foam materials under19
monotonic compression can be found in literature [16–18]. In these works, analytical stress-strain20
relationships are proposed, whose calibration coefficients are determined to best fit the experimen-21
tal measurements. The same stress-strain relationships (with modified calibration coefficients)22
can then be used for modelling the post-crushing compressive response. However, this implies23
that the appropriate calibration coefficients need to be determined (usually by least-square fitting24
to experimental measurements) at any residual strain level. Therefore, the calibration of such25
phenomenological models requires that the cyclic compressive response of the investigated foam26
material is experimentally characterized. Unfortunately, although a high number of unloading-27
reloading cycles would allow for a more accurate description of the post-crushing compressive28
response, this would lead to practically unaffordable testing times, particularly if the investi-29
gated foam material exhibits a highly non-linear behaviour when subjected to cyclic compressive30
loading.31
2
(ii) Flores-Johnson et al. [19] suggested to model the elastic regime of the post-crushing compressive1
response of foam materials assuming that the latter exhibit a linear behaviour; the authors also2
presented an analytical model to predict the degradation of elastic modulus as a function of the3
residual strain. However, this model requires, as input, the evolution of the residual strain upon4
complete unloading as a function of the applied strain at unloading; thus, compressive tests with5
multiple unloading-reloading cycles are needed for its calibration.6
(iii) The most simplistic approach consists in modelling the elastic regime of the post-crushing com-7
pressive response of foam materials assuming that the latter exhibit a linear behaviour governed8
by the elastic modulus of the undamaged foam material. Although in many cases inaccurate,9
this approach is frequently used for practical applications [20–23], since its calibration requires to10
experimentally characterize the response of the foam material only under monotonic compressive11
loading.12
1.3. Structure of this paper13
In this paper, we present a novel analytical model for predicting the post-crushing compressive14
response of crushable foams; the model is developed such that its calibration can be performed using15
exclusively data obtained from standard monotonic compressive tests. This paper is organized as16
follows: the proposed analytical model is described in Section 2, while modelling predictions are17
compared against available experimental data in Section 3. The results of this comparison are presented18
and discussed, respectively, in Section 3.2 and Section 4. Finally, conclusions are drawn in Section 5.19
2. Model development20
2.1. Monotonic compressive response21
Let us consider a prismatic crushable foam specimen of thickness h0 and cross-sectional area A022
in the undeformed configuration, as shown in Figure 1a. Furthermore, let the specimen be loaded in23
compression (under displacement-control), with u being the applied displacement. The resulting true24
strain in the specimen (homogenized across its entire thickness) is calculated as25
〈ε〉=ln
(
h0
h0−u
)
= ln
(
h0
h
)
, (1)
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(a) Schematic of a foam specimen under compres-
sive loading. In the undeformed configuration, the
specimen thickness and the cross-sectional area are
denoted as h0 and A0, respectively; in the de-
formed configuration, under the applied displace-
ment u, the specimen thickness and cross-sectional
area are denoted, respectively, as h = h0−u and
A≈A0.
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(b) Typical nominal stress (σ) v.s. homogenized
true strain (〈ε〉) curve for a crushable foam
material under monotonic compressive loading.
Three main deformation regimes can be identi-
fied: elasticity (E), progressive crushing (C) and
densification (D).
Figure 1: Crushable foam materials under monotic compression: relevant gemoetrical characteristics
(a) and typical nominal stress (σ) v.s. homogenized true strain (〈ε〉) curve (b).
where h = h0−u is the specimen thickness in the deformed configuration and 〈•〉 = 1
h
h∫
0
(•)dz is1
the average operator along h, with z indicating the through-the-thickness direction. Following the2
definition given in Equation 1, throughout this work, compressive strains are assumed to be positive.3
In this work, the response of crushable foams under monotonic compression is modelled through a4
piece-wise continuous constitutive law, relating the nominal compressive stress σ to the homogenized5
strain 〈ε〉. The use of nominal stresses, rather then true stresses, is supported by the negligible lateral6
expansion exhibited by typical foam materials when loaded in compression [24–26], i.e. A0 ≈A (see7
Figure 1a); moreover, in the remaining of this work the compressive stresses are assumed to be positive.8
The proposed constitutive law individually describes the three main deformation regimes (see Fig-9
ure 1b), i.e. initial elasticity (E), progressive crushing (C) and final densification (D), as follows.10
E: Before crushing initiates, although a narrow region of nonlinear behaviour is commonly observed11
immediately prior to strain localization (see Figures 1a and 2a), a linear elastic behaviour is12
4
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Figure 2: Piecewise constitutive law for the compressive response of crushable foam materials: exper-
imental measurements v.s. model predictions (black curves) within the elastic (a), progressive curshing
(b) and densification (c) regimes.
assumed, i.e.1
σ
E
= E〈ε〉 , (2)
where E is the elastic modulus of the undamaged foam material, and σ
E
is the nominal com-2
pressive stress in the elastic regime. In Figure 2a, Xc indicates the compressive strength (stress3
at strain localization) of the foam material. Due to the inhomogeneity of foam materials at the4
micro-scale (cell-scale), Xc is, effectively, the compressive strength of the weakest layer of mate-5
rial. The assumption of linearity leads to an underestimation of the strain at crushing initiation,6
as shown in Figure 2a, where εc is the homogenized strain at crushing initiation; however, since7
the elastic response of the foam material is confined to very small levels of strain, the effect of8
the linear idealization is negligible.9
C: The nominal stress during progressive crushing, denoted as σ
C
, is described through a n-th order10
polynomial, i.e.11
σ
C
=
n∑
i=0
ai
[
〈ε〉−Xc
E
]i
, (3)
where ai are the polynomial coefficients. The coefficients a0 and a1 in Equation 3, can be12
5
computed by imposing the continuity condition at 〈ε〉=Xc
E
and 〈ε〉=ε
L
, i.e1

σ
C
(
〈ε〉 = Xc
E
)
=Xc
σ
C
(〈ε〉 = ε
L
)=X
L
=⇒

a0=Xc
a1=
E(X
L
−Xc)
Eε
L
−Xc −
n∑
i=2
ai
[
ε
L
−Xc
E
](i−1) , (4)
where ε
L
is the lock-up or densification strain (at which the crushing process is concluded and2
the foam material is fully-crushed), while the corresponding nominal stress level (for 〈ε〉=ε
L
) is3
denoted as XL and commonly referred to as the lock-up or densification strength. The remaining4
coefficients ai, with i ∈ {2,n}, can be obtained through a least-square fitting [27] against the5
available experimental data. The order n of the polynomial depends on the strain hardening6
during progressive crushing; a 3rd-order polynomial is generally sufficient to accurately fit the7
experimental data.8
D: In analogy to what is reported in literature for the case of undamaged material [24], it is assumed9
that the tangent modulus and the density of the fully-crushed foam material are related through10
a power law, i.e.11
dσ
D
d〈ε〉 = k (ρD)
µ
=⇒ dσD
d〈ε〉 = E˜L
[
ρ
D
(〈ε〉)
ρ˜L
]µ
, (5)
where σ
D
is the nominal stress in the fully-crushed material, ρ
D
is its density and k is a propor-12
tionality constant. Furthermore, E˜
L
and ρ˜
L
denote, respectively, the tangent modulus and the13
density of the fully-crushed material at σ
D
=0. By imposing14

σ
D
(〈ε〉 = ε
L
)=X
L
dσ
D
d〈ε〉
∣∣∣∣
〈ε〉=ε
L
= E
L
, (6)
then Equation 5 can be reformulated as15
σ
D
=
[
E
L
µ
−X
L
][
E
L
E
L
−µX
L
exp[µ(〈ε〉−ε
L
)]− 1
]
, (7)
where E
L
is the tangent modulus of the foam material at the onset of densification (〈ε〉 =16
εL). The value of the exponent µ can be determined through a least-square fitting against the17
6
available experimental data. The strain value indicated as ε˜
L
in Figure 2c, corresponding to the1
homogenized strain in the fully-crushed material at σ
D
=0, can be computed from Equation 7 as2
ε˜L =εL−
1
µ
ln
[
E
L
EL−µXL
]
. (8)
To summarize, the compressive response of crushable foams can be described through the following3
piece-wise constitutive law:4
σ =

σ
E
(as defined in Equation 2) for
Xc
E
≤〈ε〉≤Xc
E
σ
C
(as defined in Equation 3) for
Xc
E
<〈ε〉<εL
σ
D
(as defined in Equation 7) for
Xc
E
≤〈ε〉 ≥ ε
L
. (9)
2.2. Thickness of the uncrushed and crushed layers in crushable foam materials5
Let us consider a specimen of crushable foam material subjected to a homogenized compressive6
strain 〈ε〉, as defined in Equation 1; the corresponding compressive stress σ (constant across the entire7
specimen thickness) is computed according to Equation 9.8
In the most general case, it is possible to identify, across the specimen thickness, two distinct9
regions which co-exist at the equilibrium stress σ: (i) a layer of uncrushed foam material and (ii) a10
layer of fully-crushed foam material. The thickness of these layers, respectively indicated as hu and hc11
in Figure 3a, are related by12
h(〈ε〉)=hu(〈ε〉) + hc(〈ε〉) . (10)
The accurate prediction of hu and hc, at any level of applied homogenized strain 〈ε〉, is of paramount13
importance to determine the residual mechanical properties of the foam material.14
The homogenized strains within the layers of uncrushed and crushed foam material, respectively15
denoted as 〈ε
E
〉 and 〈ε
D
〉, are different (see Figure 3a). In this work, in order to compute 〈ε
E
〉 and16
〈ε
D
〉, it is assumed that the uncrushed material behaves according to Equation 2, while the crushed17
material according to Equation 7. At any level of homogenized strain 〈ε〉, the equilibrium condition18
reads19
h exp [〈ε〉] = hu exp [〈εE〉] + hc exp [〈εD〉] . (11)
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(a) Determination of the thickness of the un-
crushed and crushed foam material layers. For any
homogenized strain 〈ε〉, the corresponding com-
pressive stress σ is computed through Equation 9.
At this stress level, the homogenized strains within
the uncrushed and the crushed layers, respectively
denoted as 〈ε
E
〉 and 〈ε
D
〉, are computed assuming
that the uncrushed foam material behaves accord-
ing to Equation 2 and the crushed material ac-
cording to Equation 7. The thicknesses hu and hc
can therefore be computed by exploiting the equi-
librium condition, i.e. σ is constant through the
entire foam specimen.
0.0
1.0
0.0
1.0
h"iXc
E
"
L
hu hc
h
E 
C D 
(b) Typical evolution of the normalized (with
respect to the initial specimen thickness h0)
thickness of (i) the uncrushed layer hu (red
curve), (ii) the crushed layer hc (green curve) and
(iii) the entire specimen h (black dashed curve)
as a function of the applied homogenized strain
〈ε〉.
Figure 3: Thickness of the uncrushed layer (hu) and of the crushed layer (hc) in crushable foams:
computation procedure (a) and typical evolution as a function of the applied homogenized strain 〈ε〉
(b).
Figure 3b shows the typical evolution of the normalized thicknesses hu =
hu
h0
(red curves), hc =
hc
h0
1
(green curves) and h=
h
h0
(dashed black curves). Similarly to the previous section, the evolution of hu2
and hc with 〈ε〉 is individually derived for the elastic (E), progressive crushing (C) and densification3
(D) deformation regimes, as follows.4
E: For 〈ε〉≤ Xc
E
, the entire specimen is uncrushed and behaves according to Equation 2. According5
to Figure 3b, the normalized thicknesses hu and hc are therefore6
hu(〈ε〉)=h(〈ε〉)= 1
exp [〈ε〉] and hc(〈ε〉)=0 . (12)
8
C: For
Xc
E
< 〈ε〉<ε
L
, the homogenized strains 〈ε
E
〉 and 〈ε
D
〉 are computed, respectively from Equa-1
tion 2 and Equation 7, as2
〈ε
E
〉= σ
E
and 〈ε
D
〉= 1
µ
ln
[
E
L
−µX
L
EL
(
1+
µσ
EL−µXL
)]
. (13)
By replacing the latter into Equation 11 and exploiting Equation 10, after some mathematical3
manipulations, the expressions for the normalized thicknesses hu and hc (see Figure 3b) come,4
respectively, as5
hu(〈ε〉)= 1
exp[〈ε〉] ·
[
exp[〈ε
D
〉]−exp[〈ε〉]
exp[〈ε
D
〉]−exp[〈ε
E
〉]
]
and
hc(〈ε〉)= 1
exp[〈ε〉] ·
[
exp[〈ε〉]−exp[〈ε
E
〉]
exp[〈ε
D
〉]−exp[〈ε
E
〉]
] . (14)
D: For 〈ε〉≥εL , the entire specimen is crushed and behaves according to Equation 7. The normalized6
thicknesses hu and hc are therefore (see Figure 3b)7
hu(〈ε〉)=0 and hu(〈ε〉)=h(〈ε〉)= 1
exp [〈ε〉] . (15)
2.3. Post-crushing compressive response and residual strain8
The typical σ−〈ε〉 curve for a crushable foam subjected to a complete unloading-reloading cycle9
is shown in Figure 4a, where the homogenized strain and nominal stress at unloading initiation are10
respectively denoted as 〈ε
Un
〉 and σ
Un
. Crushable foams exhibit an hysteretic behaviour when subjected11
to cyclic loading, i.e. the unloading and reloading paths do not coincide. Such hysteretic behaviour12
is associated in part to visco-elastic strain recovery [28, 29] and stress relaxation [30], as well as the13
inherent viscous response of the parent material [31, 32].14
The correct determination of the homogenized residual strain upon complete unloading (indicated15
as 〈ε
Re
〉 in Figure 4a) is of paramount importance, along with the detailed prediction of the post-16
crushing compressive response of the foam material (’Reloading’ path in Figure 4a), for the damage-17
tolerant design of foam-cored sandwich structures. Within this context, the accurate modelling of the18
unloading response is, comparatively, of minor relevance; therefore, in this work, it is assumed for19
simplicity that the unloading curve coincides with the reloading curve.20
Let a crushable foam specimen be loaded in compression to the homogenized strain 〈ε〉=〈εUn〉,21
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(a) Typical response of a crushable foam material
subjected to a complete unloading-reloading
cycle. The nominal stress and homogenized strain
at unloading initiation are denoted, respectively,
as σUn and 〈εUn〉. The reloading is assumed to
start immediately at σ = 0 (〈ε〉 = 〈ε
Re
〉), upon
complete unloading.
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(b) Modelling the post-crushing compressive re-
sponse of crushable foam materials. The thick-
ness of the uncrushed and crushed layers at un-
loading initiation are denoted as hUnu and h
Un
c ,
respectively. For 〈ε〉 ≤ 〈εUn〉, the post-crushing
compressive response (orange curve) is computed
by imposing the equilibrium between the layers of
uncrushed and crushed material, while for 〈ε〉 >
〈ε
Un
〉, it is described by Equation 9.
Figure 4: Post-crushing compressive response of crushable foam materials: typical response of a
crushable foam material subjected to a complete unloading-reloading cycle (a) and model development
for the prediction of the post-crushing compressive response of crushable foam materials (b).
as shown in Figure 4b, and subsequently unloaded to the generic homogenized strain 〈ε〉< 〈ε
Un
〉.1
Depending on whether the homogenized strain 〈ε
Un
〉 is in the elastic (E), in the progressive crushing2
(C) or in the densification (D) deformation regime, the expression of the reloading curve and the3
residual strain at σ=0 can be derived as follows.4
E: If 〈ε
Un
〉 ≤ Xc
E
, the material is entirely uncrushed at unloading initiation. Therefore, its post-5
crushing compressive response can be described by Equation 9 and 〈ε
Re
〉=0.6
C: If
Xc
E
< 〈ε
Un
〉 < ε
L
, the thicknesses of the uncrushed and crushed layers at unloading initiation,7
respectively denoted as h
Un
u and h
Un
c in Figure 4b, can be computed using Equation 14. For 〈ε〉<8
〈εUn〉, following the approach proposed in the previous section, the post-crushing compressive9
response of the foam material (orange curve in Figure 4b) can be computed by imposing the10
10
equilibrium between the uncrushed and crushed layers of foam material, i.e.1
1
exp [〈ε〉] =h
Un
u · exp
[
σUn−σ
E
]
+ hUnc ·
[
EL+µ (σUn−XL)
E
L
+µ(σ−X
L
)
]µ
. (16)
where hUnu =
h
Un
u
h0
and hUnc =
h
Un
c
h0
are, respectively, the normalized thickness of the uncrushed and2
crushed layers at unloading initiation.3
For 〈ε
Un
〉< 〈ε〉<ε
L
, the post-crushing compressive response of the foam material can be described4
by Equation 9. The residual strain 〈ε
Re
〉 is computed by solving Equation 16 in 〈ε〉 for σ=0, i.e.5
〈ε
Re
〉 = − ln
[
hUnu · exp
(σUn
E
)
+ hUnc ·
(
EL + µ(σUn−XL)
E
L
−µX
L
)µ]
. (17)
D: If 〈ε
Un
〉≥ε
L
, the material is entirely crushed at unloading initiation; its post-crushing compressive6
response is described by Equation 9 and 〈ε
Re
〉= ε˜
L
(see Figure 2c).7
An overview of the numerical implementation of the proposed model is provided in AppendixA.8
3. Validation9
3.1. Measured foam properties10
The model predictions are compared against experimental results for three different foam mate-11
rials, two of these from literature (PVC closed-cell Divinycell H100 [19] and PMI Rohacell WF5112
[19]) and a third one characterised specifically for this validation (PMI Rohacell HERO 71, see Ap-13
pendixB). Table 1 summarizes the measured properties of the foam materials investigated, along with14
the parameters required for the calibration of the proposed model.
Table 1: Measured properties and model calibration parameters for the Rohacell WF51 [19], Divinycell
H100 [19] and Rohacell HERO 71 foams.
E EL Xc XL εL ai, i∈ [1, 3] µ
WF51
44.58 21.7120 1.0943 0.9753 0.5235 [−5.7121, 12.9557,−6.1876] -5.1454
(MPa) (MPa) (MPa) (MPa) (-) (MPa) (-)
H100
35.70 27.8949 1.5000 3.0068 0.5407 [22.4890,−89.0717, 130.6767] 4.9839
(MPa) (MPa) (MPa) (MPa) (-) (MPa) (-)
HERO 71
39.0701 18.0100 0.9716 2.1067 0.5268 [8.8664,−20.6704, 26.5687] 4.6577
(MPa) (MPa) (MPa) (MPa) (-) (MPa) (-)
15
Unlike the PMI foams, for the PVC Divinycell H100 foam, the onset of densification is not char-16
acterized by a clear knee in the σ−〈ε〉 curve; therefore, following Arezoo et al. [26], for this foam17
11
material, the lock-up strain ε
L
is defined as the homogenized compressive strain at σ=2Xc.1
3.2. Model predictions2
3.2.1. Thickness of the crushed layer3
Experimental measurements for the thickness of the crushed layer as function of the applied ho-4
mogenized strain 〈ε〉 are available only for the HERO 71 foam. The thickness of the crushed layer5
was determined through the analysis of the strain fields across the foam specimens during progressive6
crushing; such strain fields are obtained using the Digital Image Correlation (DIC) technique. Figure 57
compares these against model predictions. Since the thickness of the uncrushed and crushed layers8
are, for any applied stain 〈ε〉, related by Equation 10, only experimental measurements of hc(〈ε〉) are9
shown in Figure 5.10
3.2.2. Residual strain11
Figure 6a compares model predictions against experimental measurements for the residual strain12
〈ε
Re
〉 as a function of the strain at unloading initiation 〈ε
Un
〉, for the three foam materials considered13
in this paper. Furthermore, the reduction of the error (compared to models assuming a linear elastic14
post-crushing response) in predicting the residual strain 〈εRe〉 and denoted as ∆ξ, is shown in Figure 6b.15
The error-reduction ∆ξ is defined as16
∆ξ =
ξM − ξL
ξL
, (18)
where ξL and ξM represent, respectively, the errors in predicting the residual strain, assuming a linear17
elastic post-crushing compressive response (elastic modulus of the undamaged material) and using the18
model proposed in this work. These errors can be defined as19
ξL =
∣∣∣∣∣1− E ·〈εUn〉 − σUnE ·〈εExp
Re
〉 ∣∣∣∣∣ and ξM =
∣∣∣∣∣∣1−
〈
ε
Num
Re
〉
〈
εExp
Re
〉
∣∣∣∣∣∣ , (19)
where the residual strain
〈
ε
Num
Re
〉
is computed according to Equation 17 and
〈
ε
Exp
Re
〉
is the experimen-20
tally measured residual strain. In Figure 6, the average values of ∆ξ for the WF51, H100 and HERO21
71 are indicated.22
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Figure 5: Thickness of the layer of crushed material: model predictions v.s. experimental measure-
ments. The normalized thicknesses hu and hc are calculated by analysing the discontinuous strain field
within the specimen during crushing, using the DIC technique.
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(a) Residual strain upon complete unloading:
model predictions (solid curves) against experi-
mental measurements, for the WF51, H100 and
HERO 71 foams.
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(b) Percentage reduction of the error in predicting
the residual strain upon complete unloading 〈ε
Re
〉
using the proposed model (compared to models as-
suming a linear [governed by the elastic modulus of
the undamaged material] post-crushing compres-
sive response). The average values of the error-
reduction obtained for the three foam materials
considered in this work are displayed as dashed
lines.
Figure 6: Residual strain upon complete unloading: model predictions against experimental measure-
ments (a) and error-reduction compared to models assuming a linear (governed by the elastic modulus
of the undamaged material) post-crushing compressive response (b).
3.2.3. Post-crushing compressive response1
In Figure 7, model predictions for the post-crushing compressive response are compared against2
experimental results (Figure 7a for the WF51 foam, Figure 7b for the H110 foam and Figure 7c for3
the HERO 71). Here, the unloading branches are not displayed for clarity. Moreover, the predictions4
obtained with the analytical model presented in this work are shown as solid black curves, while dashed5
black curves indicate the predicted post-crushing compressive behaviour if a linear response (with the6
undamaged elastic modulus) is assumed.7
14
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(a) Rohacell WF51 foam. Experimental data from Flores-Johnson et al. [19].
h"i
¾
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(Undamaged elastic modulus)
(b) Divinycell H100 foam. Experimental data from Flores-Johnson et al. [19].
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(c) Rohacell HERO 71 foam.
Figure 7: Comparison of model predictions (black solid curves) against experimental measurements
for the post-crushing compressive response of the PMI Rohacell WF51 (a), PVC Divinycell H100 (b)
and PMI Rohacell HERO 71 (c) foams (dashed black lines indicate the predicted response if a linear
behaviour (with the undamaged elastic modulus) was assumed).
4. Discussion1
4.1. Model calibration2
From Section 2, it follows that the calibration of the present model is performed using experi-3
mental measurements obtained exclusively from standard monotonic compressive tests. Consequently,4
since the post-crushing response is not replicated (as for example using phenomenological models, see5
Section 1) but rather predicted, the need for carrying out time-consuming compressive tests includ-6
ing multiple unloading-reloading cycles is avoided. Therefore, the time required for the experimental7
characterization of foam materials can be significantly reduced.8
Indicatively, the experimental characterization of the cyclic compressive response of the HERO G39
71 foam (four unloading-reloading cycles) described in AppendixB requires approximately 44 additional10
minutes per specimen (≈ +157 %) compared to the case when only the monotonic compressive response11
is characterized.12
16
4.2. Thickness of the crushed layer1
Figure 5 exhibits a good agreement between the predicted and measured thickness of the crushed2
layer, with the maximum error being approximately equal to 13.6 %). Furthermore, unlike any other3
model available in literature that we are aware of, the formulation proposed in Section 2 captures the4
effect of strain hardening during crushing on the variation of the crushed layer thickness.5
4.3. Residual strain6
Figure 6a shows that the present model accurately predicts the value of residual strain 〈ε
Re
〉 upon7
complete unloading (σ=0) as a function of the strain at unloading initiation 〈ε
Un
〉. The residual strain8
is predicted with a maximum error of about 1.5 %, 8.2 % and 12.1 %, respectively, for the Rohacell9
WF51, Divinycell H100 and Rohacell HERO 71 foams.10
According to the formulation presented in Section 2.3, the predicted residual strain does not account11
for visco-elastic/plastic strain relaxation effects. For a meaningful comparison, in the experiments,12
both those available in literature for the WF51 and H100 foams [19], and those performed as part13
of the work presented in this paper (AppendixB), the compressive reloading starts immediately upon14
complete unloading (σ= 0), thus not allowing for any visco-elastic/plastic strain relaxation effects to15
take place.16
When compared to models assuming a linear elastic behaviour (governed by the elastic modulus17
of the undamaged material) for both unloading and subsequent reloading, as shown in Figure 6b, the18
proposed model is shown to strongly reduce the error in predicting the residual strain 〈ε
Re
〉. The latter19
is reduced, on average, by about 56.6 %, 70.8 % and 68.3 % for the WF51, H100 and HERO 71 foams,20
respectively.21
Although the specific values summarized in this section are, admittedly, dependent on the chosen22
foam materials, they confirm the capabilities of the approach proposed in this paper.23
4.4. Post-crushing compressive response24
The comparison of model predictions against experimental measurements (Figure 7) shows the25
capabilities of the present model in predicting the post-crushing compressive response of crushable26
foam materials. Noticeably, the formulation proposed in Section 2.3 accounts separately for both the27
linear-elastic contribution of the uncrushed material layer and the nonlinear contribution of the crushed28
material layer to the overall post-crushing compressive response. Thus, unlike for other models whose29
17
calibration requires the same experimental measurements, the model proposed in this work captures1
the increasingly nonlinear response for large values of strain at unloading initiation.2
5. Conclusions3
In this paper, a novel analytical model for predicting the post-crushing compressive response of4
crushable foams is presented. The calibration of the model is performed using experimental mea-5
surements obtained exclusively from standard monotonic compressive tests; therefore, the need for6
performing time-consuming compressive tests including multiple unloading-reloading cycles is avoided7
and the effective testing time significantly reduced.8
Model predictions were validated against experimental measurements for three different foam ma-9
terials (two from the literature, and one originally presented in this paper). The model is shown to10
accurately predict the thickness of the crushed material layer during progressive crushing (maximum11
error about 13.6%) and, in addition, the residual after-crushing strain (maximum error ranging from12
approximately 1.5% for the WF51 foam to 12.1% for the HERO 71 foam). If compared to other ana-13
lytical models whose calibration requires the same experimental measurements, the present model can14
predict the residual after-crushing strain with a significantly smaller error, i.e. with an error-reduction15
ranging from approximately 56.6% for the WF51 foam to 70.8% for the H100 foam. Furthermore, it is16
shown that the proposed model is able to capture the characteristic features of the post-crushing com-17
pressive response of crushable foam materials, such as the increasingly nonlinear response exhibited18
by the latter for large values of strain at unloading initiation.19
The results presented in this work demonstrate the relevance of the proposed model for damage-20
tolerant design of foam-cored composite sandwich structures.21
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AppendixA. Numerical implementation25
An overview of the numerical implementation of the proposed model is provided in Figure A.1; the26
use of array programming (e.g MATLAB) significantly reduces the running time and simplifies the27
numerical implementation. The following remarks should be highlighted:28
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Figure A.1: Numerical implementation of the proposed model.
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(i) the input to the model is the applied homogenized strain, expressed as a C0 continuous function1
f〈ε〉(k), where the real variable k ∈
[
0, kmax
]
acts as a numerical loading time. The code then2
samples f〈ε〉 to define a discrete vector of applied homogenized strain 〈ε〉, with n〈ε〉 strain values.3
As output, the model calculates the corresponding nominal stress vector σ;4
(ii) the model requires, as input, selected properties of the foam material (E,EL , Xc, XL , εL), as well5
as the experimental σ−〈ε〉 curve within the crushing regime
[
〈ε〉Exp ,σExp
C
]
and the densification6
regime
[
〈ε〉Exp ,σExp
D
]
;7
(iii) the coefficients
{
ai
}n
i=0
and µ are calculated by means of a nonlinear least-square fitting of8
experimental data; such fitting is denoted in Module II.2 and II.3 with the function Λ, defined9
as10
λ = Λ
([
xExp,yExp
]
, y = g
λi
(x)
)
. (A.1)
The arguments of Λ are the experimental data to be fitted
[
xExp,yExp
]
(where xExp and yExp are11
the experimental values of, respectively, the independent variable x and the dependent variable12
y) and the analitical expression of the fitting function y = g
λi
(x), with coefficients λi; the latter13
(gathered in the vector λ in Equation A.1) represent the outcome of Λ;14
(iv) the homogenized strains 〈ε
E
〉 and 〈ε
D
〉, as well as the normalized thicknesses hu and hc, become15
discrete vectors (indicated in upright bold in Figure A.1).16
AppendixB. Characterization of the monotonic and cyclic compressive response of the17
Rohacell HERO 71 foam18
AppendixB.1. Material19
The material analysed experimentally in this work is the polymeric foam ROHACELL HERO 7120
by Evonik Industries [33], a fully-isotropic and closed-cell rigid PMI (polymethacrylimide) foam. The21
foam has a nominal density ρ∗ = 0.0625, computed as the ratio of the foam density ρ
f
= 75 kg/mm322
and the PMI density ρ
PMI
=1200 kg/mm3 [25].23
AppendixB.2. Cyclic compressive tests24
Six specimens with nominal in-plane dimensions equal to 20.0×20.0 mm2 were cut from 16.3 mm-25
thick panels using a wire saw. For each panel, a reference surface was identified so that every specimen26
20
cut from the same panel could be identically oriented when tested. The specimens were conditioned1
in accordance with Procedure C of the ASTM D5229 standard [34].2
The crushing response of the HERO G3 foam was analysed using flatwise compressive tests as3
prescribed by the ASTM C365-57 standard [35]. The specimens were positioned between two flat4
steel plates and were tested in compression using an INSTRON 5969 servo-hydraulic machine with a5
50 kN load cell at a displacement rate u˙= 0.50 mm/min, corresponding to an engineering strain rate6
e˙≈511µs−1. The loading platens were coated with silicon spray (PTFE) to minimize frictional effects.7
To characterize the response of the HERO foam under compressive cyclic loading, four quasi-static8
complete unloading-reloading cycles were performed during the crushing at intervals of 0.15 engineering9
strain (e˙≈511µs−1 during both unloading and subsequent reloading).10
References11
[1] J. Tomblin, T. Lacy, B. Smith, S. Hooper, A. Vizzini and S. Lee, Review of damage tolerance12
for composite sandwich airframe structures, Tech. rep., DOT/FAA/AR-99/49 Federal Aviation13
Authority, USA (1999).14
[2] J. Vinson, Sandwich structures, Appl Mech Rev 54 (3) (2001) 201–214.15
[3] S.-E. Hellbratt, Experiences from design and production of the 72 m CFRP-sandwich corvette16
Visby., in: J. Vinson, Y. Rajapakse, L. Carlsson (Eds.), Proc. 6th Int Conf Sandw Struct, 2003,17
pp. 15–24.18
[4] G. Belingardi, M.P. Cavatorta and R. Duella, Material characterization of a composite-foam19
sandwich for the front structure of a high-speed train, Compos Struct 61 (1) (2003) 13–25.20
[5] J-S. Kim, S-J. Lee and K-B. Shin, Manufacturing and structural safety evaluation of a composite21
train carbody, Compos Struct 78 (4) (2007) 468–476.22
[6] P.M. Schubel, J-J. Luo and I.M. Daniel, Impact and post impact behavior of composite sandwich23
panels, Compos Part A-Appl S 38 (3) (2007) 1051–1057.24
[7] D. Zenkert, A. Shipsha, P. Bull and B. Hayman, Damage tolerance assessment of composite25
sandwich panels with localised damage, Compos Sci Technol 65 (15) (2005) 2597–2611.26
[8] P.M. Schubel, J-J. Luo and I.M. Daniel, Low velocity impact behavior of composite sandwich27
panels, Compos Part A-Appl S 36 (10) (2005) 1389–1396.28
[9] V.L. Tagarielli, V.S. Deshpande and N.A. Fleck, The dynamic response of composite sandwich29
beams to transverse impact, Int J Solids Struct 44 (7) (2007) 2442–2457.30
21
[10] V. Koissin, A. Shipsa and V. Skvortsov, Compression strength of sandwich panels with sub-1
interface damage in the foam core, Compos Sci Technol 69 (2009) 2231–2240.2
[11] S. Abrate, Localized impact on sandwich structures with laminated facings, Appl Mech Rev 50 (2)3
(1997) 69–82.4
[12] S. Minakuchi, T. Uezono and N. Takeda, Formation and relaxation of residual facesheet dent5
on foam-core sandwich structures by localized transverse loading, J Sandw Struct Mater 15 (21)6
(2013) 7–91.7
[13] V. Koissin and A. Shipsa, Residual in-plane mechanical properties of transversely crushed struc-8
tural foams, J Sandw Struct Mater 11 (2009) 199–211.9
[14] R. Olsson, Engineering method for prediction of impact response and damage in sandwich panels,10
J Sandw Struct Mater 4 (1) (2002) 3–29.11
[15] R. Olsson, Methodology for predicting the residual strength of impacted sandwich panels, Tech.12
rep., FFA TN 1999-08, The Aeronautical Research Institute of Sweden (1999).13
[16] Q. Liu, G. Subhash, A phenomenological constitutive model for foams under large deformations,14
Polym Eng Sci 44 (3) (2004) 463–473.15
[17] Q. Liu, G. Subhash and X.L. Gao, A parametric study on crushability of open-cell structural16
polymeric foams, J Porous Mat 12 (3) (2005) 233–248.17
[18] M. Avalle, G. Belingardi and A. Ibba, A parametric study on crushability of open-cell structural18
polymeric foams, Int J Impact Eng 34 (1) (2007) 3–27.19
[19] E.A. Flores-Johnson, Q.M. Li and R.A.W. Mines, Degradation of elastic modulus of progressively-20
crushable foams in uniaxial compression, J Cell Plast 44 (5) (2008) 415–434.21
[20] D. Zenkert, A. Shipsha and K. Persson, Static indentation and unloading response of sandwich22
beams, Compos Part B-Eng 35 (2004) 511–522.23
[21] V. Rizov, A. Shipsha and D. Zenkert, Indentation study of foam core sandwich composite panels,24
Compos Struct 69 (2005) 95–102.25
[22] J. Zhang, Z. Lin, A. Wong, N. Kikuch, V.C. Li, A.F. Yee and G.S. Nusholtz, Constitutive modeling26
and material characterization of polymeric foams, J Eng Mater-T ASME 119 (3) (1997) 284–291.27
[23] J. Zhang, N. Kikuchi, V.C. Li, A.F. Yee and G.S. Nusholtz, Constitutive modeling of polymeric28
foam material subjected to dynamic crash loading, Int J Impact Eng 21 (5) (1998) 369–386.29
[24] L. Gibson, M. Ashby, Cellular solids: structure and properties, Cambridge university press, 1997.30
[25] Q.M. Li, R.A.W. Mines and R.S. Birch, The crush behaviour of rohacell-51WF structural foam,31
22
Int J Solids Struct 37 (2000) 6321–6341.1
[26] S. Arezoo, V.L. Tagarielli, N. Petrinic and J. M. Reed, The mechanical response of rohacell foams2
at different length scales, J Mater Sci 46 (2011) 6863–6870.3
[27] C. Kelley, Iterative methods for optimization, Vol. 18, Siam, 1999.4
[28] M.A. Rodr´ıguez-Pe´rez and S. Dı´ez-Gutie´rrez and J.A. De Saja, The recovery behavior of5
crosslinked closed cell polyolefin foams, Polym Eng Sci 38 (5) (1998) 831–837.6
[29] M.A. Rodr´ıguez-Pe´rez and J.I. Velasco and D. Arencon and O. Almanza and J.A. De Saja,7
Mechanical characterization of closed-cell polyolefin foams, J Appl Polym Sci 75 (1) (2000) 156–8
166.9
[30] V. Koissin and A. Shipsa, Deformation of foam cores in uniaxial compression-tension cycle, J10
Sandw Struct Mater 8 (5) (2006) 395–406.11
[31] M.F. Caliri Ju´nior and G.P. Soares and R.A. Ange´lico and R.B. Canto and V. Tita, Study of12
an anisotropic polymeric cellular material under compression loading, Materials Research 15 (3)13
(2012) 359–364.14
[32] J.D. Ferry, Viscoelastic properties of polymers, John Wiley & Sons, 1980.15
[33] Evonik Industries AG, Rohacell HERO - Product Information (2011).16
URL http://www.rohacell.com/sites/dc/Downloadcenter/Evonik/Product/ROHACELL/17
product-information/ROHACELL%20HERO%20Product%20Information.pdf18
[34] ASTM International, ASTM D5229, Standard test methods for moisture absorption properties19
and equilibrium conditioning of polymer matrix composite materials.20
[35] ASTM International, ASTM C365-57, Standard test methods for flatwise compressive strength of21
sandwich cores.22
23
